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Abstract 

In this paper, we present two methods, induction and restriction procedures, to construct new stable 
equivalences of Morita type. Suppose that a stable equivalence of Morita type between two algebras 
A and B is defined by a B-A-bimodule A^. Then, for any finite admissible set <t> and any generator X 
of the A -module category, the <I>-Auslander-Yoneda algebras of X and N (E)aX are stably equivalent of 
Morita type. Moreover, under certain conditions, we transfer stable equivalences of Morita type between 
A and B to ones between eAe and fBf, where e and / are idempotent elements in A and B, respectively. 
Consequently, for self-injective algebras A and B over a field without semisimple direct summands, and 
for any A-module X and B-module Y, if the <I>-Auslander-Yoneda algebras of A ©X and B(BY are stably 
equivalent of Morita type for one finite admissible set <I>, then so are the ^-Auslander-Yoneda algebras 
of A ©X and B © F for every finite admissible set ^. Moreover, two representation-finite algebras over 
a field without semisimple direct summands are stably equivalent of Morita type if and only if so are 
their Auslander algebras. As another consequence, we construct an infinite family of algebras of the same 
dimension and the same dominant dimension such that they are pairwise derived equivalent, but not stably 
equivalent of Morita type. This answers a question by Thorsten Holm. 
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1 Introduction 



In the representation theory of algebras and groups, there are three fundamental equivalences: Morita, derived 
and stable equivalences. Roughly speaking, the first two are induced from tensor products of bimodules or 
two-sided complexes, thus there is a corresponding Morita theory for each (see fT7\ l20l l9l). while the last 
one seems not yet to be well understood in this way, and therefore a Morita theory for stable equivalences 
is missing. Recently, a special class of stable equivalences, called stable equivalences of Morita type, are 
introduced by Broue in modular representations of finite groups. They are induced by bimodules, have 
features of a Morita theory, and are shown to be of great interest in modern representation theory since they 
preserve many homological and structural invariants of algebras and modules (see, for example, [3] |4j [TOl 
[TTl[T8l|22l|23l). In order to understand this kind of equivalences, one has to know, first of all, examples and 
basic properties of stable equivalences of Morita type as many as possible. So, one of crucial questions in the 
course of studying these equivalences is: 

Question: How to construct stable equivalences of Morita type for finite-dimensional algebras ? 

Up to date, only a few methods using trivial extensions, one-point extensions and endomorphism algebras 
have been known in |fT9l[T4l[T5l[T6]| . Of course, Rickard's result that the existence of derived equivalences for 
self-injective algebras implies the one of stable equivalences of Morita type provides another way to construct 
stable equivalences of Morita type. This method, however, is no longer true for general finite-dimensional 
algebras (see [8] for some new advances in this direction). So, a systematical method for constructing stable 
equivalences of Morita type seems not yet to be available. 

In this paper, we shall look for a more general and systematical answer to this question, and present two 
methods, called induction and restriction procedures, to construct new stable equivalences of Morita type for 
general finite-dimensional algebras. Here our induction procedure has two flexibilities, one is the choice of 
generators, and the other is the one of finite admissible sets. Thus this construction provides a large variety 
of stable equivalences of Morita type. 

To state our first main result, let us recall the definition of O-Auslander-Yoneda algebras in fV^. Let 
A be a finite-dimensional algebra and X an A-module. Then, for an admissible set <I> of natural numbers, 
there is defined an algebra EJ(X), called the O-Auslander-Yoneda algebra of X in Q, which is equal to 
0,g<j,Ext;^(X,X) as a vector space, and its multiplication is defined in a natural way (see Subsection 12.21 
below for details). Our main result for inductions reads as follows: 

Theorem 1.1. (The Induction Procedure) 

Suppose that A and B are finite-dimensional k-algebras over a field k. Assume that two bimodules a^b 
and bNa define a stable equivalence of Morita type between A and B. Let X be an A-module which is a 
generator for A-module category. Then, for any finite admissible set of natural numbers, there is a stable 
equivalence of Morita type between EJ(X) and Eg{N ^a^). 

Note that if = {0}, then the above result was known in |[T6l . Thus Theorem 11.11 generalizes the 
main result in |[T6l . and provides much more possibilities for constructing stable equivalences of Morita type 
through the choices of different <I> . Also, our proof of Theorem 1 1.1 1 is different from that in [16]. 

Next, we shall exploit certain kinds of restrictions to construct stable equivalences of Morita type. Our 
result along this line is the following theorem. 

Theorem 1.2. (The Restriction Procedure) 

Suppose that A and B are finite-dimensional k-algebras over a field k such that neither A nor B has 
semisimple direct summands. Further, suppose that aMb and bNa are bimodules without projective bimodules 
as direct summands, and define a stable equivalence of Morita type between A and B. If e^ = e &A such 
that M ®BNe € add(Ae), and if f^ = f ^ B such that add(B/) = add(A'^e), then the bimodules eMf and fNe 
define a stable equivalence of Morita type between eAe and fBf. Moreover, if we define A = EndgAeieA), 
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r = EndfBfifB), N' = }iomfBf{{fB)r,fNe(g),Ae (M)a) and M' = HomM.((M)A,eM/0/B/ (/B)r), then 
rN'j^ and define a stable equivalence ofMorita type between A and T. 

In fact, under the assumptions of Theorem ll.2[ we may have a more general formulation, namely, for any 
finite admissible set of natural numbers and for any Me-module X, the O-Auslander-Yoneda algebras of 
eAe © X and fBf © fNe ®eAe ^ are stably equivalent of Morita type. This is a consequence of Theorem 11.11 
and Theorem 1 1.2 1 

Also, from Theorem 1 1.1 1 and Theorem 1 1.2 1 we have the following characterization of stable equivalences 
of Morita type for representation-finite algebras as well as for self-injective algebras. 

Corollary 1.3. Suppose that A and B are finite-dimensional k-algebras over afield k such that neither A nor 
B has semisimple direct summands. 

( 1 ) Assume further that A and B are self-injective. Let X be an A-module and let Y be a B-module. If there 
is a finite admissible set <I> of natural numbers such that E*(A ©X) and E|'(B©y) are stably equivalent of 
Morita type, then, for wy finite admissible set *F of natural numbers, the algebras EJ(A ©X) and E|'(S © Y) 
are stably equivalent ofMorita type. 

(2) Assume additionally that A and B are representation-finite. Then A and B are stably equivalent of 
Morita type if and only if so are their Auslander algebras. 

Note that the "only if " part of Corollary 0(2) follows from 1 16 |. 

Of course, there are many important classes of algebras which are of the form End^ (A © Y) with A self- 
injective and Y an A-module. For example, Schur algebras or ^-Schur algebras. Thus, as a consequence of 
Corollary II. 3[ we know that the global dimension of Endjt[5,_](/:[5'„] ®Q}{Y)) is finite for / € Z, where k[S„] 
is the group algebra of the symmetric group Sn, Y the direct sum of non-projective indecomposable Young 
modules, and Q. the usual syzygy operator. 

As another byproduct of our considerations in this paper, we can construct a family of derived equivalent 
algebras with certain special properties. 

Corollary 1.4. Suppose that k is a field with a non-zero element that is not a root of unity. Then, there is 
an infinite series of k-algebras of the same dimension such that they have the same dominant and global 
dimensions, and are all derived equivalent, but pairwise not stably equivalent ofMorita type. 

The contents of this paper are organized as follows. In Section |2l we fix notations and prepare some 
basic facts for our proofs. In Section [3] and Section HI we prove our main results. Theorem 1 1.1 1 and Theorem 
11.21 as well as Corollary II. 3 r 2). respectively. In Section|5l we concentrate our consideration on self-injective 
algebras, and establish some applications of our main results. In particular, in this section we prove Corollary 
11.31 1) and supply a sufficient condition, which is used in Section[6l to verify when two algebras are not stably 
equivalent of Morita type. In Section [6l we apply our results in the previous sections to Liu-Schulz algebras 
and give a proof of Corollary 11.41 which answers a question by Thorsten Holm. 

C.C.Xi, the corresponding author, is partially supported by the Fundamental Research Funds for the 
Central Universities (2009SD-17), while H.X.Chen is supported by the Doctor Funds of the Beijing Normal 
University. This revision of the first draft was partially done when C.C.Xi visited the Chern Institute of 
Mathematics, Tianjin, China, in July, 2010, he would like to thank Professor Chengming Bai at the Nankai 
University for his warm hospitality. The authors thank Yuming Liu for some helpful discussions on the 
subject. 

2 Preliminaries 

In this section, we shall fix some notations, and recall some definitions and basic results which are needed in 
the proofs of our main results. 
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2.1 Some conventions and homological facts 

Throughout this paper, k stands for a fixed field. All categories and functors will be ^-categories and k- 
functors, respectively. Unless stated otherwise, all algebras considered are finite-dimensional ^-algebras, and 
all modules are finitely generated left modules. 

Let C be a category. Given two moiphisms / : X ^ F and g : F — )• Z in C, we denote the composition of 
/ and g by fg which is a morphism from X to Z, while we denote the composition of a functor F : C ^ D 
between categories C and £> with a functor G: D ^ T. between categories © and E by GF which is a functor 
from C to E . 

If C is an additive category and X is an object in C, we denote by add(X) the full subcategory of C 
consisting of all direct summands of direct sums of finitely many copies of X. The object X is called an 
additive generator for C if add(X) = C. 

Let A be an algebra. We denote by A-mod the category of all A-modules, by A-proj (respectively, A-inj) 
the full subcategory of A-mod consisting of projective (respectively, injective) modules, by D the usual k- 
duality Hom<:(— ,^), and by the Nakayama functor DHom^(— , ^A) of A. Note that Va is an equivalence 
from A-proj to A-inj with the inverse HomA(D(A), — ). We denote the global and dominant dimensions of A 
by gl.dim(A) and dom.dim(A), respectively. 

As usual, by i^^(A) we denote the bounded derived category of complexes over A-mod. It is known that 
A-mod is fully embedded in ^*(A) and that Hom^i,(^)(X,y[/]) ~ Ext^(X,F) for all / > and all A -modules 
X and Y. 

Let X be an A-module. We denote by ^\{X) the i-th syzygy, by soc(X) the socle, and by rad(X) the 
Jacobson radical of X. 

Let X be an additive generator for A-mod. The endomorphism algebra of X is called the Auslander 
algebra of A. This algebra is, up to Morita equivalence, uniquely determined by A. Note that Auslander 
algebras can be described by two homological properties: An algebra A is an Auslander algebra if gl.dim(A)< 
2 < dom.dim(A). 

An A-module X is called a generator for A-mod if add(AA) C add(X); a cogenerator for A-mod if 
add(D(AA)) ^ add(X), and a generator-cogenerator if it is both a generator and a cogenerator for A-mod. 
Clearly, an additive generator for A-mod is a generator-cogenerator for A-mod. But the converse is not true 
in general. 

Let T be an arbitrary A-module, and let B be the endomorphism algebra of T. We consider the following 
full subcategories of A-mod related to T. 

Gen{AT) := {X € A-mod | there is a surjective homomorphism from to Xwith m > 1}. 
Pre{AT) '■= {X G A-mod | there is an exact sequence Ti ^ To — > X with all 7]- € a.dd{AT)}. 
App{aT) := {X € A-mod | there is a homomorphism g : To — )• X with Tq € a.dd{AT) such that 

Ker(^) G Gen{AT) and HomA(r',g) is surjective for T' € add(r)}. 

The following lemma is known, for a proof, we refer, for example, to 1241 Lemma 2.1]. 

Lemma 2.1. Let T be an A-module and B = End{AT). Let X be an arbitrary A-module. Then: 

(1) If Y is a right B-module, then the natural homomorphism 5: Y (S>b HomA(r,X) — ?■ 
HomB(HomA(X,r),F), given by y^f^ by^f with by(^f{g) = y{fg) for y e Y,f e HomA(r,X),g e 
HomA(X,r), is an isomorphism ifX £ add(Ar). 

(2) If X' £ add(Ar), or X £ add(Ar), then the composition map /u : HomA(X',r) (g)^ HomA(r,X) 
HomA(X',X) given by f®Bg ^ fg is bijective. 

(3) IfX S Gen{AT), then the evaluation map ex '■ T (8>5HomA(r,X) — )-X is surjective. IfX £App{aT), 
then ex is bijective. Conversely, if ex is bijective, then X £ App{aT). 

The next lemma is taken from [22, Lemma 2.1], which can also be verified directly. 
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Lemma 2.2. [22] (1) LetA,B,C and E be k-algebras, and let and bYe be bimodules with Xb projective. 
PutX* = Home(X,B). Then the natural homomorphism cp : a^^b^e ^o^b{b^X^ b^e), defined by x®y ^ 
9x®)» where ^x®y{f) = {^f)yfarx £ X,y € Y and f £ X*, is an isomorphism of A-E -bimodules, where the 
image ofx under f is denoted by xf. 

(2) In the situation (ePatC^BtaUb), if Pa projective, or if Xb is projective, then eP ®a 
HomB(cXB,4?7B) '2:i\lomB{cXBTEP ®aUb) as E-C -bimodules. Dually, in the situation (aPetB^cbUa), if aP 
is projective, or if b^ is projective, then Hom5(BXc,B?7^) ®aPe — ^o^b{b^c-,bU ®aPe) C-E-bimodules. 

The following is a well-known result due to Auslander (for example, see f?, Proposition 5.6, p. 2 14]). 

Lemma 2.3. Let A be an Artin algebra such that gl.dim(A) < 2 < dom.dim(A). Let U be a A-module such 
that add(?7) is the full subcategory o/A-mod consisting of all projective-injective A-modules. Then 

(1) A := EndA(?7) is representation-finite. 

(2) A is Morita equivalent to EndA{XyP, where X is an additive generator for A-mod. 

Finally, we recall the definition of ©-split sequences from [i6j|. For our purpose, we just restrict our 
attention to module categories. 

Let 2? be a full subcategory of A-mod. A short exact sequence 

— >X -Um ^Y — ^0 

inA-modis called a © -split sequence ifMG ©,Hom^(D',g) and Hom^(/,D') are surjective for every object 
D' € ®. 

Note that ©-split sequences were used in to construct tilting modules of projective dimension at most 
one. 

2.2 Admissible sets and perforated orbit categories 

In 171, a class of algebras, called Auslander- Yoneda algebras, were introduced, which include, for example, 
Auslander algebras, generalized Yoneda algebras and certain trivial extensions. 

Let N be the set of natural numbers {0, 1,2, • • • }. Recall that a subset <I> of N is said to be admissible 
provided that G <I> and that for any p,q,r £^ with /7 + ^ + rG<I>we have p + q £^ if and only if ^ + r G 0. 

As shown in Q, there are a lot of admissible subsets of N. For example, given any subset 5 of N 
containing 0, the set {x"" \ x £ S} is admissible for all m>3. 

Let <I> be an admissible subset of N. 

Let C be a ^-category, and let F be an additive functor from C to itself. The (F,<I>)-orbit category C^'* 
of C is a category in which the objects are the same as that of C , and the morphism set between two objects 
X and Y is defined to be 

Homcf,*(X,F) := 0Homc(X,F'y) € k-Mod, 
ie<t> 

and the composition is defined in an obvious way. Since is admissible, is an additive ^-category. 
In particular, Hom^f .t>(X,X) is a ^-algebra (which may not be finite-dimensional), and Hom f,*(X,F) is 
an Homj^f,*(X,X)-Hom^f.i>(y,y)-bimodule. For more details, we refer the reader to Q. In this paper, 
the category is simply called a perforated orbit category, and the algebra Hom^F,*(X,X) is called the 
perforated Yoneda algebra of X without mentioning F and <I>. 

In case C is the bounded derived category ^^(A) with A a ^-algebra, and F is the shift functor [1] of 
^^(A), we denote simply by -Ef the {F,<t>)-orbit category C^*, by Ef{X,Y) the set nom.^^{X,Y), and by 

E*(X) the endomorphism algebra Ylom^<:>{X,X) of X in E*. It is called <I>- Auslander- Yoneda algebra of X. 
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Note that each element in E^{X,Y) can be written as {fi)ie<^ with fj G Hom^fc(^)(X,y[7]). The composition 
of morphisms inE* can be interpreted as follows: for each triple (X,F,Z) of objects in ^^(A), 

E*(Z,7)xE|(y,Z)^Ef(X,Z) 

where 

ii+v=i 

for each / G <I>. Clearly, if <I> is finite, then Ef{X,Y) is finite-dimensional for all X,F G A-mod. 
Now, let us state some elementary properties of the Hom-functor E*(X, — ). 

Lemma 2.4. Suppose that A is an algebra, that X is an A-module, and that is a finite admissible subset of 
N. 

(1) Let add*(X) stand for the full subcategory of "zf consisting of objects in add(AX)- Then the Hom- 
functor E*(X, — ) : add*(X) — > E*(X)-proj is an equivalence of categories; 

(2) Let B be a k-algebra, and let P be a B-A-bimodule such that Pa is projective. Then there is a canonical 
algebra homomorphism ap : E*(X) — > Ef{P^AX) defined by {fi)ie<^ i-^ {P ^Afi)ie<^for {fi)ie<^ G E*(X). 
Thus every left (or right) (P 'S)AX)-module can be regarded as a left (or right) E^{X)-module via (Xp. 

The following homological result plays an important role in proving Theorem ll.il 

Lemma 2.5. Suppose that A, B andC are k-algebras. Let aX be a module, and let a^b and bPc be bimodules 
with bP projective. Then, for each i > 0, we have Ext'^{X ,Y ®b Pc) — Ext^(X,y) ®bPc -modules. 
Moreover, for each admissible subset o/ N, we have Ef{X,Y 'S>bPc) — E*(X,F) (g>B Pc as E*(X)-C- 
bimodules. 

Proof. First, let us recall the Yoneda product. Assume that U,Va.nd W are A-modules. Fix a minimal 
projective resolution P^ of aU : 

with all P' projective. If g : ?7 — > V is a homomorphism, then there is a lifting of g, which is a chain map 

g* -.P^j^Py. Then, for each / > 1, we have a short exact sequence O^Q.\{U)^ P'-^ -^Q!^\U) ^ 0, 
which gives rise to a right exact sequence of /:-modules 

HomA(P'"\V) ^HomA(n^([/),V) — >Ext\{U,V) — ^ 0. 

Hence each element of Ext\{U,V) can be regarded as a homomorphism in ¥lomA{^'j^{U) ,V) modulo the 
subspace of HomA(n^(?7), V) generated by all homomorphisms that factorize through X,, where / > and 
P^ := 0. In what follows, we denote the image of / G liomA{D.\{U),V) by / G Ext^(?7, V). 

Given i,j G N,fi G liomA{0.\{U),V) and gj G HomA(n{(V),lV), we know that the Yoneda product 

lu : Ext^([/, V) (g>kExt{{V,W) Ext'^^ {U,W) can be presented by f^kg]^ ^iifdSj' where ^{{f) is the 
7-th term of a lifting of f. Note that the Yoneda product is independent of the choice of a lifting of /,. 

By Lemma[2]2t2), for each aW, there is a natural C°^-module isomorphism Qw '■ HomA(W,F) 0b Pc — ^ 
HomA{W,Y 0bPc) defined by Bw{f<S)p)iw) = f{w) (g) for / G Hom^ (IV, F ) , G P, and w G In other 
words, we have a natural equivalence 6 : HomA(— ,F) 0bPc — ^o^a{— 0b Pc) of functors from A-mod 
to C'P-moA. Let 

Q'-' >Q' ^Q"" ^X^O 
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be a minimal projective resolution of aX. Then, by definition, we have a right exact sequence of ^-modules 

liomAiQ''\Y) — ^HomA(n^(X),F) — >Ext^(X,y) — ^ 0. 
Since bP is projective, the following diagram is exact and commutative for / > 0: 

Hom^ {Q'-\Y) ®B Pc HomA (^^ (X ) , F ) ®b Pc Ext^ (X , 7 ) 0b Pc 



I 

V 



UomA{&-\Y®BPc) ^nomA{a\{X),Y®BPc) Ext^(X,F (^b^c) -0, 



where we set := 0. This induces an isomorphism cp,- : Ext^(X,y) ®bPc — ^ Ext^(X,F ®bPc) defined 
by fi'^p^ ^Q.\(x){fi ^ P)' where /,• G HomA(n^(X),F) and p G P. Clearly, cp,- is a C^-homomorphism for 
each / > 0. Thus the first part of Lemma [23] is proved. 

Second, for each admissible subset <I> of N, we define a map (p<j) : E*(X, F) (^bPc ^ EJ(X, F ^b Pc) by 
(/i) 'S) p i^iifi "X) p)), where p e P, and fi € HomA(n^(X),F) with / € By the above discussion, we 
know that cp<j) is an isomorphism of C'^^'-modules. In order to prove that cp^) is an isomorphism of E*(X)-C- 
bimodules, it suffices to show that cp<j) is an isomorphism of left EJ(X) -modules, or equivalently, we have to 
check that the following diagram commutes for /, j G O with / + j E 

Ext^(X,X) ®^Ext{(X,F) (^bPc Ext^(X,X) (g)^Ext^(X,F 0bPc) 

Ext^+^'(X,F) 0bPc — Ext^+^' (X, F 0bPc), 

where ju is the usual Yoneda product. Let u G HomA(n^(X),X), v G HomA(n;^(X),F) and p G P. Then 



{{\^^>j)fj){u®V0p) = Q-iiu) ^Qj^f^x) P) ai^d ((^(g) 1) Cp;+y) (m (g) V (g)p) = ^a'+J(^x) ((^a(")^) P)- 

By definition, for each x € O!^-' {X), we get 

(n{(M)e^,(^) {v(^p)){x) = (a{(M)v) {x)®p = (e^;+.(;,) (K(")v) (^p)){x). 

It follows that (1 (gxpy)/^ = l)(p,_|_j. This implies that (p^> is an isomorphism of E*(X)-C-bimodules. 
Thus the proof is completed. □ 

3 Inductions for stable equivalences of Morita type 

In this section, we shall prove Theorem 11.11 First, we recall the definition of stable equivalences of Morita 
type in lO. 

Definition 3.1. Let A and B be (arbitrary) k-algebras. We say that A and B are stably equivalent of Morita 
type if there is an A-B-bimodule aMb and a B-A-bimodule bNa such that 

(1) M and N are projective as one-sided modules, and 

(2) M CS)b N — -A (B P as A-A-bimodules for some projective A-A-bimodule P, and N ^a M c=iB®Q as 
B-B-bimodules for some projective B-B-bimodule Q. 
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In this case, we say that M and define a stable equivalence of Morita type between A and B. Moreover, 
we have two exact functors Ti\i :=N^a — : A-mod ^B-mod and Tm '■= M — '■ B-mod A-mod. Similarly, 
the bimodules P and Q define two exact functors Tp and Tq, respectively. Note that the images of Tp and Tq 
consist of projective modules. 

From now on, we assume that A, B,M,N,P and Q are fixed as in Definition 13.11 and that X is a generator 
for A-mod. Moreover, we fix a finite admissible subset of N, and define A := E*(X) and F := Ef{N(EiAX). 

Since the functors and are exact, they preserve acyclicity, and can be extended to triangle functors 

: ^*(A) and T^j : ^^(5) ^^(A), respectively. Furthermore, and 7^ induce canonically 

two functors F : "Ef ^ -Ef and G : 'Ef "Ef , respectively. More precisely, if X* G ^^(A), then F{X'):= 
{N(g)AX',N(^Ad'x), and if / := {fj)je<f G Hom,j*(X*,F*) with F* G ^^(A), then F{f) := {N (g)A fj) je<t> e 
Uom^^{F{X'),F {¥*)). Similarly, we define the functor G. 

The functor F gives rise to a canonical algebra homomorphism '■ Ef{X*) — )• Ef{F{X*)) for each 
object X* G &^{A). In particular, for any Z* G ^''{B), we can regard Ef (Z*,F(X*)) as an Ef (Z*)-Ef (X*)- 
bimodule via a^- Note that the homomorphism coincides with the one defined in Lemma [241 when X* 
is an A-module. 

Proof of Theorem im We define U := Ef{X,TM{N<S)AX)) and V := Ef{N^AX,TN{X)). In the fol- 
lowing we shall prove that U and V define a stable equivalence of Morita type between A and F. 

First, we endow U with a right F-module structure by m • y := uG{y) for m G ?7 and y G F, and endow V 
with a right A-module structure by v-X :=vF{X) for v G V and X G A. Then, U becomes a A-F-bimodule, 
and V becomes a F-A-bimodule. 

By definition, we know V = r, and it is a projective left F-module. Note that aX is a generator and the 
images of Tp consists of projective modules. We conclude that Tm{N ^aX) =M®b{N ®aX) ~X©P(g)AX G 
add(Z). Thus U is projective as a left A-module by Lemma [Z41 

{\)U , as a A-A-bimodule, satisfies the condition (2) in Definition 13. II 

Indeed, we write W :=E'^{X,{TmTi^){X)), and define a right A-module structure on W by w-V := 
w{GF){X') for w G W and X' G A. Then W becomes a A-A-bimodule. Note that there is a natural A-module 
isomorphism cp : U (g)r V — > W defined hy x^y ^ ^G{y) for x and j G V. We claim that cp is an 
isomorphism of A-A-bimodules. In fact, it suffices to show that cp respects the structure of right A-modules. 
However, this follows immediately from a verification: for c G ?7,<i G V and a G A, we have 

(p((c(g)<i)-a) =(p(c(g)(<iF(a))) =cG{dF{a)) = cG{d){GF){a) = (^{c (g) d) ■ a. 

Combining this bimodule isomorphism cp with Lemma 12.41 we get the following isomorphisms of A-A- 
bimodules: 

(*) U0rV:^Ef{X,iTMTN){X)):^E'^{X,X)(BE'^{X,P^AX)=A(BEf{X,P®AX), 

where the second isomorphism follows from M A/^ ~ A ©P as A-A-bimodules, and where the right A- 
module structure on Ef {X , P ®a X) is induced by the canonical algebra homomorphism A — )• E^{P (EiaX), 
which sends {fi)ie^ in A to {P(SiAfi)ie^ (see Lemma [2!4] (2)). 

Now, we show that Ef{X,P 0a X) is a projective A-A-bimodule. In fact, since P G add(AA ©^^A^), we 
conclude that Ef{X,P0A X) G add(Ej(X, (A 0kA) (^a X)). Thus, it is sufficient to prove that EJ(X, (A ^j, 
A) (>SiA X) is a projective A-A-bimodule. For this purpose, we first note that the right A-module structure on 
Ef{X, (A 0k A) 0)A X) is induced by the canonical algebra homomorphism aA®^A : A EJ((A 0k A) 0aX), 
which sends g := (g,);e<i) in A to ((A 0k A) 0a gi)ie<s>- Clearly, aA 0k A 0a X e add(AA). It follows that 
Ext{((A 0kA) 0aX, (a 0kA) 0aX) = for any j > 0, and therefore (A 0kA) 0a gi = for any / / G 
Thus we have ttA^^Afe) = (A 0k A) 0a go- If 7I : A — )• EndA{X) is the canonical projection and /u' is the 
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canonical algebra homomorphism EndA{X) — )• EndA((A (8)jtA) (8'a^)> then Ka^jA = T^f^'- Thus the right A- 
module structure on E*(X, (A (gt^^A) (g)A X) is induced by EndA(X). Similarly, from the homomorphisms 

A = Ef{X) 4 EndA(X) A EndA(A 0kX) = E*(A ^tX), 

where fj : EndA(X) — )• EndA(A ®kX) is induced by the tensor functor A — , we see that the right A-module 
structure on Ef{X,A ®kX) is also induced by EndA(X). Thus Ef (X, (A (^tA) 0a X) ~ Ef (X,A ^j^X) as 
A-A-bimodules. Moreover, it follows from Lemma|23]that E*(X,A (gj^^X) ~ E*(X,A) ^^X as A-EndA(X)- 
bimodule. Since the A-module X can be regarded as a right A-module via the homomorphism n, we see that X 
is actually isomorphic to Ef (A,X) as right A-modules. Thus Ef (X,A) (^tX ~ Ef (X,A) 0j-Ef (A,X) as A-A- 
bimodules. Since aA G add(X), we know that E*(X, A) is a projective A-module and E*(A,X) is a projective 
right A-module. Hence E*(X,A) (>i)kX is a projective A-A-bimodule. This implies that Ef(X,P 0a X) is a 
projective A-A-bimodule. 

(2) V ®aU, as a r-F-bimodule, fulfills the condition (2) in Definition 13. II 

LetZ:=Ef (A^OaX , TnTm{N (E)aX)). Similarly, we endow Z with a right F-module structure defined by 
z-b := z{FG){b) for z^Z and b ^T. Then Z becomes a r-F-bimodule. Observe that, for each A-module 
Y , there is a homomorphism *Fy : V (8)aE*(X,F) — E'^{N ®AX,Tf^{Y)) of F-modules, which is defined 
hy g^h^ gF{h) for g G V and h G E*(X,F). This homomorphism is natural in Y. In other words, *F : 
V 'S>A (X , — ) ^ Ef (A^ (8)A X , Tyv ( — ) ) is a natural transformation of functors from A-mod to F-mod. Clearly, 
Wx is an isomorphism of F-modules. It follows from Tm{N ®aX) G add(X) that ^Tm{n^aX) '■ ^ 'S>aU ^ Z is 
a F-isomorphism. Similarly, we can check that ^Tm{n^aX) preserves the structure of right F-modules. Thus 
^Tm{N0aX) '■ ^ '^A ^ ^ Z is an isomorphism of F-F-bimodules, and there are the following isomorphisms of 
F-F-bimodules: 

(**) V^aU -Zc^r®Ef{N(g)AX,Q(^B(.N(^AX)), 

where the second isomorphism is deduced from N (EiaM B ® Q as S-S-bimodules. By an argument similar 
to that in the proof of (1), we can show that Ef{N ^Da X, 2 (8b (A'^ (^a X)) is a projective F-F-bimodule. 

It remains to show that Ur and Va are projective. This is equivalent to showing that the tensor functors 
Tjj •.= {] (8)r — : F-mod — )• A-mod and Ty :=V ®a — : A-mod F-mod are exact. Since tensor functors are 
always right exact, the exactness of Tu is equivalent to the property that Tu preserve injective homomorphisms 
of modules. Now, suppose that / : C — > D is an injective homomorphism between F-modules C and D. Since 
Eg (A'^(8)aX, 2(8)b (A/^^aX)) is a right projective F-module, we know from (**) that the composition functor 
TyTu is exact. In particular, the homomorphism {TvTu){f) : {TvTu){C) — {TvTu){D) is injective. Let : 
Ker {Tu{f)) — > Tu{C) be the canonical inclusion. Clearly, we have luTu^f) = 0, which shows Tv{nTu{f)) = 
Tv{^i){TvTu){f) = 0. It follows that Tv{^i) = and {TuTv){ii) = 0. By (*), we get = 0, which implies 
that the homomorphism Tu{f) is injective. Hence Tu preserves injective homomorphisms. Similarly, we can 
show that Ty preserves injective homomorphisms, too. Consequently, Uy and Va are projective. 

Thus, the bimodules U and V define a stable equivalence of Morita type between A and F. This finishes 
the proof of Theorem ll.il □ 

Remarks. (1) If we take <I> = {0} in Theorem ll.il then we get fW. Theorem 1.1]. If we assume that A is a 
self-injective algebra, then we get a stable equivalence of Morita type between E*(A©X) andE*(A©n^(X)) 
for any A-module X, any finite admissible subset <I> of N, and any integer / G Z. This follows from Theorem 
ll.ll and the fact that Q.a provides a stable equivalence of Morita type between A and itself if A is self-injective. 
Thus we re-obtain the stable equivalence of fT, Corollary 3.14]. 

(2) Since stable equivalences of Morita type preserve the global, dominant and finitistic dimensions of 
algebras. Theorem 11.11 asserts actually also that these dimensions are equal for algebras E*(X) and E'^{N <0a 
X). 

Many important classes of algebras are of the form EndA(A 0X) with A a self-injective algebra. From 
the above remarks (see also 17^ Corollary 3.14]), we may get a series of algebras which are stably equivalent 
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of Morita type to Schur algebras. For unexplained terminology in the next corollary, we refer the reader to 
0. 

Corollary 3.2. Suppose that k is an algebraically closed field. Let Sn be the symmetric group of degree n. 
We denote by Y the direct sum of all non-projective Young modules over the group algebra k[Sn] ofS„. Then, 

(1) /or every finite admissible subset <I> o/N, the algebras E*^ (BY) and E*^ j {k[Sn\ (B^'{Y)) are 
stably equivalent of Morita type for all i G Z. 

(2) All algebras Endj^[s^j{k[S„](B (Y)) are stably equivalent of Morita type to the Schur algebra Sk{n,n). 
In particular, gl.dim(End^[5^_] {k[Sn] ® ^'ij)) < oafor all i G Z. 

4 Restrictions for stable equivalences of Morita type 

In this section, we shall consider the general question of how to transfer stable equivalences of Morita type 
between algebras A and B over a field to the ones between eAe and fBf, where e and / are idempotent 
elements in A and B, respectively. In particular, we shall prove Theorem 1 1.21 in this section. 

Before we start with our proof of Theorem 1 1.2[ we state the following facts, which are essentially known 
in literature. However, we would like to collect them together as a lemma for the convenience of the reader. 

Lemma 4.1. Suppose that A and B are k-algebras without semisimple direct summands. Assume that aMb 
and bNa define a stable equivalence of Morita type between A and B, and that M and N do not have any 
projective bimodules as direct summands. Then, 

(1) there are isomorphisms of bimodule: N ~ HomA(M,A) ~ HomB(M,B) and M ~ HomA(A'^,A) ~ 
HomB(A^,B). 

(2) Both {N0A —,M0B —) cind {M®b —,N^a —) ci^^ adjoint pairs of functors. 

(3) There are isomorphisms of bimodules: P ~ Hom^(P,A) and Q ~ }iomB{Q,B), where P and Q are 
bimodules defined in Definition \3.1\ Moreover, the bimodules aPa cmd bQb ci^^ projective-injective. 

(4) If a1 is injective, then so is N (8>a ^■ 

Proof. (1) Note that, if M and A'^ are indecomposable bimodules, then all the statements in Lemma |4~T] 
have been proved in H Theorem 2.7, Corollary 3.1, Lemma 3.2] under the hypothesis of separability on the 
semisimple quotient algebras A/rad(A) and B/rad(B). One can check that they are still valid without the 
hypothesis of separability condition. In the following, we shall use (TT. Theorem 2.2] to show Lemma |4TT] 
under the weaker assumption that M and N do not have any projective bimodules as direct summands. 

Since A and B are stably equivalent of Morita type and do not have any semisimple direct summands, 
it follows from [13, Proposition 2.1] that A and B have the same number of indecomposable direct sum- 
mands (of two-sided ideals). Suppose that A = Ai x A2 x • • • x A„ and B = Bi x B2 x ■ ■ ■ x B„, where 
all A, and all themselves are indecomposable algebras. By the proof of [13, Theorem 2.2], we know 
that, up to suitable reordering, for each I <i <n, there is an A,-B,-bimodule M, and a -A, -bimodule A^, 
such that Mi and A^,- are direct summands of M and A'^ as bimodules, respectively, and that M,- and A^,- de- 
fine a stable equivalence of Morita type between A,- and B,. Set M' := 0i<,<„M; and A'^' := 0i<;<n^;- 
Clearly, M' and A'^' are direct summands of M and A'^, respectively. Further, one can check directly that 
M' and A'^' also define a stable equivalence of Morita type between A and B. Since aMb and bNa do not 
have any projective bimodules as direct summands, it follows from flSl Lemma 4.8] that M ~ M' as A-B- 
bimodules and N 'r^ N' as B-A-bimodules. Note that A, and are indecomposable algebras, and M,- and 
A^,- do not have any projective bimodules as direct summands. Then, by [4, Lemma 2.1], we conclude that 
Mi and A^, are indecomposable bimodules. This implies that Lemma 14.11 holds for the algebras A, and Bj 
together with the bimodules M/ and A'^, for each /. Consequently, there are isomorphisms of B-A -bimodules: 
HomA(M,A) ~ HomA(©i<„<„M„,©i<,,<„A„) ~ ©i<„<„HomA (M„,A„) ~ ©i<„<„Af„ ~ A^. Similarly, we 
can prove another statement in (1). 
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(2) Note that the pair (A^®^ — ,M(g)B — ) is an adjoint pair of functors if and only if aMb ^ Horns (A^,B) 
as bimodules. Thus (2) is a consequence of (1). 

(3) It follows from the proof of [ 22 , Lemma 4.5] that the first part of (3) holds true, and that P and 
Q are injective as one-sided modules. Furthermore, we claim that P is an injective bimodule. In fact, it 
suffices to show that, for any indecomposable direct summand P' of P, the bimodule ^P^ is injective. Since 
aP G add(A ^^A"''), there are primitive idempotents ei and e2 of A such that P' € add(Aei (^^^2^)- This 
implies that Aei and e2A are injective modules because P' is injective as a one-sided module. Thus P' is an 
injective bimodule, and so is P. Similarly, we can prove that Q is injective as a bimodule. 

(4) We observe that there is an isomorphism of B-modules: A^®^/ ~ Hom4(M,/). Since is projective 
and aI is injective, we see that Hom^(M,/) is an injective B-module, and so is N (>S>aI- This completes the 
proof of Lemma |4TT] □ 

By Lemma 14.11 we have the following corollary, which provides examples such that the conditions of 
Theorem 1 1.21 are satisfied. Note that the last statement in Corollary l4.2l below follows also from the proof of 
Ell Lemma 4.5]. 

Corollary 4.2. Suppose that A and B are k-algebras. Assume that {^i , • • • and {/i , • • • are complete 
sets ofpairwise orthogonal primitive idempotents in A and in B, respectively. Let e be the sum of all those e,- 
for which Ae, is projective-injective, and let f be the sum of all those fjfor which Bfj is projective-injective. 
IfM and N are indecomposable bimodules that define a stable equivalence ofMorita type between A and B, 
then Nec:^N0AAe e adA{Bf),Mfc^M®BBf G add(Ae), and Pe G add(Af'). 

Proof of Theorem 11.21 Let us remark that if A and B have no separable direct summands, then we may 
assume that M and A'^ have no non-zero projective bimodules as direct summands. In fact. If M = M' © M" 
and N = N' (B N" such that M' and N' have no non-zero projective bimodules as direct summands, and that 
M" and N" are projective bimodules, then it follows from (15\ Lemma 4.8] that M' and N' also define a stable 
equivalence of Morita type between A and B. 

Suppose that and b^a do not have any non-zero projective bimodules as direct summands, and 
define a stable equivalence of Morita type between A and B. Then, it follows from Lemma 14. If 2) that 
{M (S^B ^A—) and {N^a—,M^b—) are adjoint pairs. 

First, we note that add{Ae) = add(M/) and add{N i^a M f) = add(B/). In fact, this follows from the 
following equalities: add(Ae) = add{M^BN^AAe) = add{M^BBf) = add(M/), and the fact that £Ldd{N^A 
X) = add(A^(g)A add(X)) for any A-module X. 

Thus, if a statement for the idempotent element e holds true, then it can be proved similarly for /, and 
vice versa. 

Second, we shall show that the bimodules eMf and fNe satisfy the conditions of a stable equivalence of 
Morita type between eAe and fBf. 

(1) fNe is projective as an /^/-module and as a right Me-module, respectively. 

In fact, we have fNe ~ Hom^ (B/, ^A^e) as /B/-Me-bimodules. Since Ne G add(B/) by the definition of 
/, we see that Homg(B/, A'^e) is projective as an /B/-module, that is, fNe is projective as an /B/-module. To 
see that fNe is a projective right Me-module, we notice that add(M/) = add{M ^BBf) = a.dd{M iSibNc) = 
add(Ae), here we use the assumption M ®BNe G ndd{Ae). Since {M (S)b —,N 0a —) is an adjoint pair, it 
follows from ¥lomB{Bf,BN(^AAe) ~ ¥lomA{M (E)b Bf ,Ae) ~ Hom^ (M/,Ae) that fNe is projective as aright 
Me-module since Mf G add(Ae). Thus (1) is proved. 

(2) eMf is projective as an Me-module and as a right /A/-module, respectively. The proof of (2) is 
similar to that of (1), we omit it here. 

(3) eMf (g) fBf fNe ~ eAe © ePe as bimodules. 

Indeed, by the associativity of tensor products, we have the following isomorphisms of eAe-eAe- 
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bimodules: 

eMf®fBffNe ^ eM ®BBf ®fBf fB ^sNe 

eM <^BBf ®fBf^om{Bf ,B) <^BNe 
c:^eM®BBf®fBf Hom(B/, BNe) ( by Lemma O ) 
c^eM^B^e fby Lemma |2T1). 

Since M and N define the stable equivalence of Morita type between A and B, we have M(8)BA^~A©Pas 
A-A-bimodules. This implies that eMf(^fBffNe ~ eM(E)BNe ~ e{A(BP)e ~ eAeQ)ePe as bimodules. 

(4) ePe is a projective Me-Me-bimodule. 

In fact, it suffices to show that, for any indecomposable direct summand P' of the A-A-bimodule P, 
the eAe-Me-bimodule eP'e is projective. We assume that eP'e ^ 0. Since P G add(A (g)^ A°''), there are 
primitive idempotent elements ei and 62 of A such that /" € add(Aei 'S)i^e2A). Then yiP'e € add(Aei (g),;- 
e2Ae) C add(Aei). This means that P'e is a direct sum of copies of Aei. Since f 'e e add(Pe) C add(Ae), we 
have Aei E add(Ae). Consequently, M^i is a projective eAe-module. Now, we show that e2Ae is a projective 
right Me-module. Indeed, by Lemma |4~]T 3). we have the following isomorphisms of A°''-modules: eP ~ 
HomA(Ae,P) ~ HomA(Ae,HomA(/',A)) ~ HomA(P(X)AAe,A) ~ HomA(Pf',A). This shows that eP € add(M) 
since aP^ S add(Ae). Thus eP' G add(M). Since the right A-module eP' is a direct sum of copies of e2A, 
it follows that exA € add(M) and e2Ae G add(eAe). Consequently, e2Ae is a projective right eAe-module. 
Hence eAei (g)^ e2Ae is a projective Me-eAe-bimodule, and so is its direct summand eP'e. This shows that 
ePe is a projective Me-Me-bimodule. 

(5) Similarly, we can prove that /A'^e®eM/~/B/©/Q/ as bimodules, and that the /B/-/5/-bimodule 
fQf is projective. 

Thus, by definition, the bimodules eMf and fNe define a stable equivalence of Morita type between eAe 
and fBf. 

Finally, the last statement of Theorem 11.21 follows from Proposition 14.31 below, which emphasizes the 
view of functors. 

Before we give the formulation of Proposition 14.31 we introduce here a few more notations: Set 
A = EndM.(M), R = EndfBfifN), F = EndfBfifB), N' = UomfBf{{fB)r,fNe®,Ae {eA)A) and M' = 
UomeAe ( (M) A , eMf ®fBf {fB)r) . 

Let (p : A — )• A be the algebra homomorphism defined by sending a G A to cp^, where cp^ : M ^ 1-^ 
exa for x E A. Similarly, we define an algebra homomorphism \|/ : B ^ P. 

Recall that, given a diagram of functors between categories: 




we say that this diagram is commutative if there is a natural isomorphism a : GF KH. 
Proposition 4.3. (1) The following diagram of functors is commutative 



A-mod ■ 



eAe-mod ■ 



B-mod — 

/■ 

■ fBf -mod 



eMf^'fBf- 



■ A-mod 



■ eAe-mod. 



In particular, fBf fNe ®eAe —fBf fN and eAe^M f (S>fBf fB —eAe 

eM. 
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(2) We have the following commutative diagram of functors 



A -mod ^ B-mod ^ A-mod 



A-mod ^ r-mod ^ A-mod, 

where the right A-module structure on A and the right B-module structure on T are induced by cp and \|/, 
respectively. Moreover, rN'^ and aM^ define a stable equivalence ofMorita type between A and T. 

Proof. (1) To prove that the first square in (1) is conmiutative, it is sufficient to show that there is a 
natural transformation : fNe^eAe^i—) — > fN^A which is an isomorphism. Now we define <I> to be 
the composition of the following two natural transformations: for each X € A-mod, 

Ox : fNe^eAeeX — > fN®AAe®eAeeX fN(S)AX, 

where /u : Ae (^^Ae eX — > X is the multiplication map. Clearly, we need only to show that id/N is a natural 
isomorphism, that is, for each aX, we have to show that 

fN (g)A Ae iSieAe eX — >fN(S>AX 

is an isomorphism. 

Indeed, we shall first show that if Z E A-mod and eZ = 0, then fN 2 = 0. To prove this, we observe 
that fN ®aZ ~ YlomB{Bf,N(S>AZ) ~ ¥lomA{AM 0BBf,Z), where the second isomorphism comes from the 
adjoint pair (M(g)B -,N^a -)■ Since add(B/) = add{N0AAe) and Pe G add(Ae), we have add(M(g)BB/) = 
add(Ae). Thus eZ = implies that fN (8)^ Z = 0. Next, we consider the exact sequence 

— y Ker(^) — > Ae 0eAe eX-^X — >X /AeX — > 0. 

Note that eKer(/^) = = e{X/AeX) and that fNA — fB 'S>bNa is a projective right A-module. By applying 
tensor functor fN 0a — to the above sequence, we deduce that 

fN0AAe(^,AeeX /A^OaX 

is an isomorphism. Thus we have proved the commutativity of the left square in (1). 

Similarly, we can prove that the right square of (*) commutes. In particular, we see that fNe 0eAe ^A ~ 
fNA as /B/-A-bimodules, and eMf®fBffB ~ cMb as eAe-B-bimodules. 

(2) Note that the bimodules \iomeAe{£Af^,eMf®fBf{fN)R) and ¥lomfBf{fNR,fNe0eAe (^^)a) have 
been constructed in 1,16. Theorem 1.1], which induced a stable equivalence ofMorita type between A and R. 
Since add(/A^) = add(/B), we see that ¥lomfBf{fB,fN) and ¥lomfBf{fN,fB) induce a Morita equivalence 
between R and P. As a result, N' and M' define a stable equivalence of Morita type between A and P. It can 
be checked directly that rN' ®a^a — rA'^ and aM' iSir^B — aM'b- So, we have 

rA^' Aa ~ rN^ ~ Hom^B/(/B,/A^A) 
^UomfBfifB,fB(^BNA) 
-rr^BNA 

and 

aM' (g)r Pb ~ aM'b = HomM, {eA , eMf fB f fBB ) 
~HomMe(MA,eMB) 

~ HomMe (M A , M (g)A ) 

~aA®aMb. 
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This implies that the diagram in (2) is commutative. Thus, we have proved Proposition 14.31 This also finishes 
the proof of Theorem 1 1.21 □ 

Remarks. (1) In Theorem 11. 2[ the assumption that M and N do not have any projective bimodules as 
direct summands is actually a very mild restriction. In fact, if M = X' ©X" and N = Y' ® Y" such that X' 
and Y' have no direct summands of projective bimodules, and that X" and Y" are projective bimodules, then 
it follows from lITSl Lemma 4.8] that the bimodules X' and Y' also define a stable equivalence of Morita type 
between A and B. Clearly, we have X' ^sY'e € add(Ae) and add{Y'e) C add{Ne). Since a^' ^b^^ is a direct 
summand of aM^bNc, we get X' ^sNe G add(Ae), and Y' ®a'^' ^B^e G add{Y' ®AAe) = add(F'e). This 
gives Ne G add(F'e). Hence add(F'g) = SLdd{Ne). This means that M and A'^ in Theorem |1.2| can be replaced 
by the bimodules X' and Y' . 

(2) Note that M^B^e G ndd{Ae) is equivalent to Pe G ndd{Ae). In Theorem 11.21 if e is an idempotent 
element in A such that every indecomposable projective-injective A-module is isomorphic to a summand of 
Ae, then Pe G add(Ae). This follows immediately from Lemma 14711 3). 

(3) As pointed out in [4, Section 4], if e is an idempotent in A and if / is an idempotent in B such that 
add(Ae) and add(B/) are invariant under Nakayama functors, then eAe and fBf are self-injective, and any 
stable equivalence of Morita type between A and B induces a stable equivalence of Morita type between eAe 
and fBf. Note that we may recover this result from Theorem 11.21 since the idempotents e and / satisfy the 
assumptions of Theorem 1 1.2 1 by H Lemma 4.1]. In general, however, our algebras eAe and fBf in Theorem 
ll.2l may not be self-injective. 

Definition 4.4. [7] Let A be an algebra. A projective A-module W is called a minimal Wedderbum pro- 
jective module if &dd{yA{W)) = add(/()(A) ®I\{A)), where Va is the Nakayama functor of A and — ?• A ^ 
/o(A) I\ (A) is the minimal injective copresentation of aA. An idempotent element e ^Ais called a minimal 
Wedderburn idempotent element ifAe is a minimal Wedderbum projective module. 

Auslander proved in [1] that, given e^ = e £ A, the canonical map p : A — )• End^^leA) defined by right 
multiplication is an isomorphism if and only if add{Ae) contains a minimal Wedderbum projective A-module. 

The following result shows that stable equivalences of Morita type preserve minimal Wedderburn projec- 
tive modules or minimal Wedderbum idempotent elements. 

Lemma 4.5. Suppose that A and B are k-algebras such that A and B have no semisimple direct summands. 
Assume that aMb and bNa do not possess any projective bimodules as direct summands, and induce a stable 
equivalence of Morita type between A and B. Take a minimal Wedderbum idempotent g G A and a minimal 
Wedderburn idempotent f (zB. Then we have 

add(M B/) = add(Ae) and add(A^ ®AAe) = add(B/) . 

Proof. We assume that M^gA/^ ~ A©P as A-A -bimodules for some projective A-A -bimodule P, and 
N ®aM B ®Q as B-B-bimodules for some projective B-B-bimodule Q. Note that, by Lemma 14.11 the 
images of the functors aP^a — and bQ®b — consist of projective-injective modules. 

Let ^ A ^ /o — > /i and — > 5 — > 7o ^ -^i be minimal injective co-presentations of ^A and ^S, respec- 
tively. We claim that 

add(M®B {h®J\)) = add(/o ©/i) and add{N (^a {h®h)) = add(7o ©^i)- 

Clearly, for any A-module X, we have SLdd{N <^a add(X)) = SLdd{N ®a^)- Since ^ A ^ 1q ^ 1^ is exact 
and Na is projective, it follows that 

— VbN — >N®Ah — >N®Ah 
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is exact. Since bN^aDA is injective and add(BB) = add(eA^), we see that add(/o©7i) C add{N0A {to®h))- 
This implies that add{M®B {Jo®Ji)) ^ add{M ®bN i^ia ik^h))- Since P (g)A -DA is projective-injective and 
since all indecomposable projective-injective A-modules occur in Iq, we have a.dd{M 0a (h) ®h)) = 
add(/o©/i). Thus, a.dd{M(g)B{Jo(BJi)) ^ add(/()©/i). Furthermore, it follows from the injectivity of 
the module aM®bDB and add(AA) = add^AM) that add(/o©/i) C add{M ^b {Jo®J\))- Thus add(M(g)B 
(Jq^Ji)) = add(/o ©/i). Similarly, we can prove that add(A^©A (^o ©-^i)) = add(7o ©/i)- Since e G A 
and f ^ B are, minimal Wedderburn idempotents, we see that add(/o ©/i) = add(vA(Ae)) and add(7o ©./i) = 
add(VB(B/)). Consequently, add(A^ ©a VA(Ae)) = add(vB(B/)). It follows from ©a Va (Ae) ~VB(A^©AAe) 
that add(Vg(A^ (S)AAe)) = add(VB(B/)). Since the Nakayama functor Vg is an equivalence from B-proj to 
S-inj, we deduce that add(A^©AAe) = add(B/). Similarly, we can show that add(M©gB/) = add(A£'). □ 

In the following we shall see that stable equivalences of Morita type can be transfer to "corner" algebras 
of Wedderburn type. 

Corollary 4.6. Suppose that A and B are k-algebras such that A and B have no semisimple direct summands. 
Assume that aMb and bNa have no projective bimodules as direct summands, and induce a stable equivalence 
of Morita type between A and B. Let e € A and f (z B be minimal Wedderburn idempotents. Then eMf and 
fNe define a stable equivalence of Morita type between eAe and fBf such that fNe ©m«- ^A ~ fN and 
eMf ®fBf fB ~ eM as bimodules. 

Proof. By Lemma 1431 we see that the idempotents e and / satisfy the assumptions in Theorem ll.2l Then 
Corollary l4.6l follows from the first part of Theorem II . 21 to gether with Proposition 14.31 □ 
As a corollary of Corollary 14.61 we get the following result. 

Corollary 4.7. Assume that A and B are k-algebras without semisimple direct summands. Let a^ be a 
generator-cogenerator for A-mod, and let bY be a generator-cogenerator for B-mod. If EndA{X) and 
EndB(7) are stably equivalent of Morita type, then there exist bimodules aMb and bNa which define a sta- 
ble equivalence of Morita type between A and B such that add(AM©BF) = add(AX) and add{BN ®aX) = 
add(BF). 

Proof. Set R = EndA(X) and S = EndB(y). First, we show that if A does not have any semisimple direct 
summands, then nor does R. 

Suppose contrarily that R has a semisimple direct summand. Then R must have a simple projective- 
injective module W . Since each indecomposable projective-injective /?-module is isomorphic to a direct 
summand of HomA(X, DA), there exists an indecomposable injective A-module / such that W ~ HomA(X,/). 
Let aS be the socle of a/- Then HomA(X,5') can be embedded into the simple /^-module HomA(X,/), and 
therefore HomA(X,5') ~ HomA(X,/) ~ W as /^-modules. Since A G add{X), we infer that 5 ~/. Let a-P be the 
projective cover of aS. Then it follows from Hom^ (HomA {X,P), HomA (X , 5) ) ~ HomA [P, S) y^O that there is 
a non-zero homomorphism from ¥lomA{X,P) to the simple projective /^-module HomA (X, 5), which means 
that ¥lomA{X,P) ~ HomA (X, 5). Consequently, we get P ~ 5 ~ /. Thus A has a simple projective-injective 
module, and therefore it has a semisimple direct summand, which is a contradiction. This shows that R has 
no semisimple direct summands. Similarly, we can prove that S has no semisimple direct summands. 

Note that, if X is a generator-cogenerator for A-mod, then HomA (X, A) is a minimal Wedderburn 
projective /^-module. Similarly, ¥lomB{Y,B) is a minimal Wedderburn projective 5-module. Clearly, 
EndR(HomA(X,A)) ~ A and Ends(liomB{Y,B)) ~ B. Note that neither 7? nor S has semisimple direct sum- 
mands. Then, by Corollary 14.61 there exist bimodules aMb and b^a which define a stable equivalence of 
Morita type between A and B. Note that YlomR{YlomA{X,A),R) ~ aX and Yloms(iiomB{Y,B),S) ^ bY. It 
follows from Corollary [46] that add(AM©By) = add(AX) and add(BA^©AX) = add(By). □ 

Combining Corollary 14.71 with [il6i Theorem 1.1], we have the following result on Auslander algebras. 
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Corollary 4.8. Let A and B be representation-finite k-algebras. Suppose that A and B have no semisimple 
direct summands. Let A and T be the corresponding Auslander algebras of A and B, respectively. Then A 
and r are stably equivalent ofMorita type if and only if so are A and B. 

For an algebra A, we denote by [A] the class of all algebras B such that there is a stable equivalence of 
Morita type between B and A. It is known that [A] = [Ax S] for any separable algebra 5. Note that, if is a 
perfect field, then the class of all semisimple ^-algebras is the same as that of all separable ^-algebras. 

The following result establishes a one-to-one correspondence, up to stable equivalence of Morita type, be- 
tween representation-finite algebras and Auslander algebras. This is an immediate consequence of Corollary 

ESI 

Corollary 4.9. Suppose that k is a perfect field. Let !F be the set of equivalence classes [A] of representation- 
finite k-algebras A under stable equivalences ofMorita type, and let A be the set of equivalence classes [A] of 
Auslander k-algebras A under stable equivalences ofMorita type. Then there is a one-to-one correspondence 
between J and A. 

Finally, we remark that Corollary 14. 81 is not true for derived equivalences. Nevertheless, it was shown in 
fTl that if two representation-finite, self-injective algebras A and B are derived-equivalent then so are their 
Auslander algebras. The converse of this statement is open. For further information on constructing derived 
equivalences, we refer the reader to the current papers EIQ. 

5 Stable equivalences of Morita type based on self-injective algebras 

Of particular interest are stable equivalences of Morita type between self-injective algebras or between those 
related to self-injective algebras. Since derived equivalences between self-injective algebras imply stable 
equivalences of Morita type by a result of Rickard 1 19 1, this makes stable equivalences of Morita type closely 
related to the Broue abelian defect group conjecture which essentially predicates a derived equivalence be- 
tween two block algebras 131, and thus also a stable equivalence of Morita type between them. 

In this section, we will apply Theorem II . II and Theorem 11.21 to self-injective algebras. It turns out that 
the existence of a stable equivalence of Morita type between Auslander- Yoneda algebras of generators for 
one finite admissible set <I> implies the one for all finite admissible sets. 

Throughout this section, we fix a finite admissible subset <I> of N, and assume that A and B are in- 
decomposable, non-simple, self-injective algebras. Let X be a generator for A-mod with a decomposition 
X := A © Xi , where X, is indecomposable and non-projective such that X,- ^ Xf for 1 < i ^ t <n, and 

let y be a generator for B-mod with a decomposition Y := B ® where Yj is indecomposable and 

\<j<m 

non-projective such that Yj ^ Y^ for 1 < j ^ s <m. 

Lemma 5.1. (1) The full subcategory of E*(X)-mod consisting of projective-injective E'^{X)-modules is 
equal to add(E*(X,A)). Particularly, ifE^{X) / EndA(X), then dom.dim(E*(X)) = 0. 
(2) E*(X) has no semisimple direct summands. 

Proof. (1) For convenience, we set Aq = EndA(X) and A = EJ(X). Since A is self-injective, it fol- 
lows from Q Lemma3.5] that VA(Ef (X,A)) ~ Ea(X,VaA) ~ E* (X,DA) e add(E*(X,A)). Consequently, 
E*(X,A) is a projective-injective A-module. We claim that, up to isomorphism, each indecomposable 
projective-injective A-module is a direct summand of E*(X,A). To prove this claim, it suffices to show 
that E*(X,X;) is not injective for all I <i <n. We denote E*(X,X;) by X,- for abbreviation. 
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First, we observe that rad(A) = rad(Ao) © A+, where A+ = ^ A,- with A,- = Ext\{X,X) = 

Hom^i>(^)(X,X[/]). Since each summand ¥lom^b(^j^j{X ,X[j]) of X, is a Ao-module and since the so- 
cle of Xi is the set of all elements x in X,- such that rad(A)A: = 0, we see that the socle of X,- con- 
tains ^^{x G socA(,(Ext;^(X,X,)) | A+x = 0}. By an argument of graded modules, we can even see that 

soca(X,-) = G socA„(Ext{(X,X,-)) I A+x = 0}. 

;e* 

Next, we shall show that Xm is not injective for I <m <n. Indeed, let / : X,n — > / be an injective envelope 
of X„, with / an injective A-module. Then : ¥lomA{X,X,„) — ¥lomA{X,I) is an injective envelop of the 
Ao-module ¥lomA{X,Xm) in Ao-mod. Now, we consider the following two cases: 

(a) If X,n = HomA(X,Xm), thenX^ is annihilated by A+. Since X^ is not injective in A-mod, we conclude 
that YlomA{X ,X„,) is not an injective Ao-module, which implies that X„, is not injective as a A-module. 

(b) If X,„ / HomA(X,X,„), then there is a positive integer t £ ^ such that Ext^(X,X,„) ^ 0. We may 
assume that t is the maximal number in with this property, that is, Ext\{X,X,„) = for any 5 G with 
t < s.lt follows that A_|_Ext^(Z,Z„,) = 0, which implies that / socAo(Ext^(X,X,„)) C socA(^m)- 

Now we consider socAo(HomA(X,Xm)). Since is an injective envelop in Ao-mod, we know that 
socao (Hom^ {X,Xm)) — socaq (HomA(X,/)). Since VAo(HomA(X,A)) € add(HomA(X,A)) and / G add(AA), 
we see that HomAo(HomA(X,X,),socAo(HomA(X,/))) = for 1 < / < n. If e is the idempotent in Aq cor- 
responding to the direct summand A of X, then esocAo(HomA(X,/)) = socAo(HomA(X,/)). Consequently, 
esocAo(iiomA{X,Xm)) = socAo(HomA(X,Zm)), that is, eg = g whenever g G socAo(HomA(X,Xm)), that is, g 
factorizes through the regular module ^A, say g = g\g2 with gi : X — )• ^A and gi'-A^^ X^. Thus, for any el- 
ement G Hom^4(^)(X,X[/]) with / / G we havex-^ =x{gi \i] g2\i]) = {x g\[i])g2[i] = OfeH) = since 
A is self-injective. Thus A_|_socAo(HomA(X,X,„)) = 0. This implies that socAo(HomA(X,X,„)) C socA(^m)- 
Thus we have shown that the A-submodule socAo(HomA(X,X,„)) ©socAo(Ext^(X,Zm)) of is contained in 
the socle of X„j. This implies that X,„ is not injective since its socle is not simple. 

Thus add(E*(X,A)) is just the full subcategory of Ej(X)-mod consisting of projective-injective mod- 
ules. 

Finally, we consider the dominant dimension of dom.dim(E*(X)). Suppose EJ(X) / EndA{X). Since 
A is self-injective, we have EJ(X,A) = ¥lomA{X,A). It follows that E^{X,A) is annihilated by A+, but not 
by A. Hence A cannot be cogenerated by E^(X,A). This implies that dom.dim(Ej(X)) = 0. We finish the 
proof. 

(2) Contrarily, we suppose that the algebra Ef{X) has a semisimple direct summand. Then E^{X) has a 
simple projective-injective module S. According to (I), we know that S must be a simple projective-injective 
EndA(X) -module. Then it follows from the first part of the proof of Corollary 14.71 that A has a semisimple 
direct summand. Clearly, this is contrary to our initial assumption that A is indecomposable and non-simple. 
Thus E*(X) has no semisimple direct summands. □ 

Theorem 5.2. If the algebras E^{X) and E|'(F) are stably equivalent ofMorita type, then n = m and there 
are bimodules aMb and bNa which define a stable equivalence ofMorita type between A and B such that, up 
to the ordering of indices, aM<S>b Yi ~ Xj © Pi as A-modules, where aPi is projective for all i with I <i <n. 
Moreover, for any finite admissible subset o/N, there is a stable equivalence ofMorita type between EJ(X) 
««JE|'(F). 

Proof. For convenience, we set Ao = EndA(X), A = E*(X), To = Ends(F) and F = E|'(F). By Lemma 
15.11 the algebras A and F have no semisimple direct summands. Let e be the idempotent in Aq corresponding 
to the direct summand A of X, and let / be the idempotent in Fo corresponding to the direct summand B of 
Y. Note that Ae ~ EJ(X,A) as A-modules and F/ ~ Eg{Y,B) as F-modules. Clearly, eAe ~ A and /F/ ~ B 
as algebras. Moreover, we see that eA ~ X as A-modules, and /F ~ F as B-modules. Suppose that a stable 
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equivalences of Morita type between A and F is given. By Corollary 14.21 and Lemma 15.11 we know that 
the idempotent e in A and the idempotent / in F satisfy the conditions in Theorem 11.21 It follows from 
Theorem |1.2| and Proposition |4.3f 1) that there are bimodules ^Mg and b^a which define a stable equivalence 
of Morita type between A and B such that add{M (g)BY) = add(X). By the given decompositions of X and Y, 
we conclude that n = m and, up to the ordering of direct summands, we may assume that F,- ~ X,- © P; 

as A-modules, where is projective for all / with \<i<n. Now, the last statement in this corollary follows 
immediately from Theorem ll.il Thus the proof is completed. □ 

Usually, it is difficult to decide whether an algebra is not stably equivalent of Morita type to another 
algebra. The next corollary, however, gives a sufficient condition to assert when two algebras are not stably 
equivalent of Morita type. 

Corollary 5.3. Let nbe a non-negative integer. Let W be an indecomposable non-projective A-module. Sup- 
pose that 9^ W for any non-zero integer s. Set W„ = 0Q<,<„n^(W). Then, for any finite admissible 
subset *F of N, the algebras EJ(A ® W„ ® ^^(W)) and EJ(A ® IV„ ® Dl^iW)) are not stably equivalent of 
Morita type whenever m and I belong to N with n <m < I. 

Proof. Suppose that there is a finite admissible subset »P of N such that eJ(A ® W„ ffi ^^(W)) and 
EJ(A®W„ ffin^(W)) are stably equivalent of Morita type for some fixed /,m € N with n < m < I. Set 
<I>i = {0, 1, • • • ,«} U {/} and <I>2 = {0, 1, • • ■ ,«} U {m}. Then, by Theorem I5.2[ we know that there exist 
bimodules aMa and aNa which define a stable equivalence of Morita type between A and itself, and that there 
is a bijection a : — > <I>2 such that ~ D.'^^^\w) (BPj as A-modules, where Pj is projective for 

each 7 G Oi. In particular, we have M(8)a W ~ Q.'^^^\w) ®Po- Since M is projective as a one-sided module, 
we know thatM(8A^^i(W) ~ ffiP/ withP/ G add^A). Note that M«)a ^^(W) ~ H^''' (IV) ® P/. 

It follows that ~ ^A^'\w). Consequently, we have a(/) = a(0) + / > I since W is not ^-periodic. 

Hence I <a{l) <m < I, a contradiction. This shows that eJ(A ® W„ ® ^^'(W)) and eJ(A ® W„ ® ^^(W)) 
cannot be stably equivalent of Morita type whenever / and m G N with n <m <l. □ 

This corollary will be used in the next section. 

6 A family of derived-equivalent algebras: application to Liu-Schuiz alge- 
bras 

In this section, we shall apply our results in the previous sections to solve the following problem on derived 
equivalences and stable equivalences of Morita type: 

Problem. Is there any infinite series of finite-dimensional /c-algebras such that they have the same di- 
mension and are all derived-equivalent, but not stably equivalent of Morita type ? 

This problem was originally asked by Thorsten Holm at a workshop in Goslar, Germany. 

Recall that Liu and Schulz in |T2l constructed a local symmetric A:-algebra A of dimension 8 and an 
indecomposable A-module M such that all the syzygy modules Q.'J^{M) with « G Z are 4-dimensional and 
pairwise non-isomorphic. This algebra A depends on a non-zero parameter q ^k, which is not a root of unity, 
and has an infinite DTr-orbit in which each module has the same dimension. A thorough investigation of 
Auslander-Reiten components of this algebra was carried out by Ringel in [21]. Based on this symmetric 
algebra and a recent result in [6| together with the results in the previous sections, we shall construct an 
infinite family of algebras, which provides a positive solution to the above problem. 

From now on, we fix a non-zero element q in the field k, and assume that q is not a root of unity. The 
8-dimensional ^-algebra A defined by Liu-Schulz is an associative algebra (with identity) over k with 

the generators: xo,xi,X2, and 
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the relations: xf = 0, and Xi^ixi + qxjXi^i =0 for / = 0, 1 , 2. 
Here, and in what follows, the subscript is modulo 3. 

Let n be a fixed natural number, and let <I> = {0} or {0, 1}. For 7 G Z, set uj := X2 + q-'xi, Ij := Auj, 

Jj := UjA, I := ^li and A* := EJ(A 0/©/^). 

With these notations in mind, the main result in this section can be stated as follows: 

Theorem 6.1. For any m>n + A, we have 

(1) dim,(A^) = dim,(A*+i)- 

(2) gl.dim(A*) = oo. 

(3) dom.dim(A*) ^ '^^^ 



/f<D = {0,l}. 
(4) A* WA^+ J are derived-equivalent. 

{5)Ifl>m, then Af and A* are not stably equivalent ofMorita type. 

An immediate consequence of Theorem l6.1l is the following corollary, which solves the above mentioned 
problem positively. 

Corollary 6.2. There exists an infinite series of finite-dimensional k-algebras A,-, / € N, such that 

(1) dim^(A,) = dim^(A,+i) /or a// / G N, 

(2) all Ai have the same global and dominant dimensions, 

(3) allAi are derived-equivalent, and 

(4) Ai andAj are not stably equivalent ofMorita type for i ^ j. 

The proof of Theorem 16.11 will cover the rest of this section. Let us first introduce a few more notations 
and conventions. 

Let B be an algebra and S a subset of B. Set R{S) := {b ^ B \ sb = for all 5 G 5} for the right annihilator 
of S in B, and L{S) := {b ^ B \ bs = for all G 5} for the left annihilator of S in B. In case x G B, we write 
R{x) and L{x) for R{{x}) and L{{x}), respectively. For y,zeB, we set B{y,z) ■.= {beB\ L{y)bz = 0}. Note 
that L{S) and R{S) are left and right ideals in B, respectively. 

Let y be a ^-vector space with y,- G V for 1 < / < « G N. We denote by < , . . . , j„ > the ^-subspace of 
V generated by all y,. 

The following result is useful for our calculations, it may be of its own interest in describing the endo- 
morphism rings of direct sums of cyclic left ideals. 

Lemma 6.3. Let B be a k-algebra, and let x , y and z be elements in B. Then the following statements hold: 

(1) There is an isomorphism ofk-vector spaces: 

(?,^y : UomB{Bx,By) ^ R{L{x)) nBy, 

which sends f to f{x)forf G HomB(Bx,Bj). 

(2) There is an isomorphism ofk-vector spaces: 

e.,,, : nomB{Bx,By) ^ B{x,y)/L{y), 

which sends h to bfor h G Hom^ (Bx, By), where b (zB such that h{x) = by and b stands for the coset b-\-L[y). 

(3) The maps Qx,x cmd Qy,y are isomorphisms of algebras. 

(4) The map Qx,y satisfies the following identity: 

e,,,.(a^c) = e,,,(a)e,,,(5)e,,,(c) 
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for a G EndA(Bx),g G \lomB{Bx,By) and c S EndB(Sy). 
(5) The following diagram is commutative: 



Horns (Bx, By) «)EndB(Bj.) Horns (Sy,Bz) — ^ — ^ HomB(Bx,Bz) 

e.r,v®e>-,z ( e 
(B(x,3;)/L(j))®B(3,,,)/LW {B{y,z)/L{z)) B(x,z)/L(z), 

where /^x.y.z i^ the composition map, and ^x,y,z multiplication map. 

(6) Lef n be a positive integer, and let Xi be elements in Bfor I <i <n. We define 

Me(xi ,X2,- ■ ■ ,x„) := {( bij )i<ij<„ | bij £ B{xi,Xj)/L{xj) for all \<i,j <n }. 

Then MB(xi,;t2, • • • ,JC„) becomes an associative k-algebra with the usual matrix addition and multipli- 
cation which is given by Vv^ .v^ .t, for 1 < r,s,t < n. Moreover, there is a natural algebra isomorphism 
9 : EndB(0o<,<„BjCi) — > Mb(xi,X2, • • • which is induced by Qx^-x^for 1 <r,s<n. 

Proof.(l) Let / G tlomB{Bx,By). Since / is a homomorphism of B-moduIes, we know b{xf) = when- 
ever b £ B and bx = 0. This implies that xf E R{L{x)) HBy. Thus the map (^x.y is well-defined. It is not hard 
to check that cpv.y is an isomorphism of A:-vector spaces. 

(2) For X € S, we denote by Px the right multiplication map from B to itself, defined by bi-^ bx for b GB. 

A, 71 

Then there is a canonical exact sequence of B-modules: : — > L{x) — ^ B Bx 0, where Xx is the 
inclusion, and %x is the canonical multiplication of x. By the definition of B{x,y), an element w belongs to 
B{x,y) if and only if A-vP^Tly = 0, or equivalently, if and only if there is a unique a G \iovaB{Bx,By) such that 
PvyTiy = Tljctt. Clearly, w G L(y) if and only if Pv^Ti,. = 0. So, we have L{y) C 

First, we show that 6;^^ is well-defined. In fact, if / G \lomB{Bx,By), then there is an element b £ B, 
which may not be unique, such that the following diagram of left S-modules commutes: 

^ L{x) — ^ B Bx ^ 

I I 
Pi I Pbi f 

^L{y)^^B^^By 0, 

where is the restriction of ph to L(x). Hence b G B{x,y). If there is another d in B also making the above 
diagram commutative, then (p;, — Prf)7ly = 0, and therefore ph — p^ factorizes through L{y). This imphes that 
b — d£ L{y) and b = dm B{x,y) /L{y). Thus 6y j. is well-defined. 

Next, we shall prove that 6y y is an isomorphism of ^-vector spaces. Indeed, if 6y y (f) = b = for some 
map / G ¥lomB{Bx,By), then b G L{y) and 7iy/ = p^Tiy = 0. Since 7iy is surjective, we get / = 0. Thus Qx,y is 
injective. That Qx.y is surjective follows from the equivalent definitions of B{x,y) discussed above. 

(3) to (5) follow from the above proof of (2). 
(6) is a consequence of (2) to (5). □ 

Recall that, for / G Z, we have defined m,- :=X2 + q'x\,Ii := Am,- and 7, := u/A. In the following lemma, we 
display a few properties about the Liu-Schulz algebra A. 

Lemma 6.4. II121I2T1 (1) The Liu-Schulz algebra A is an N-graded algebra, namely, A = 0,>oA,- with 

Ao = k, Ai =<xo,xi,X2>, A2=<xoXi,xiX2,X2Xo>, A3=<xoXiX2>, and A, = for all i>4. 

Moreover, A2 is contained in the center of A. In particular, xqX\X2 = x\X2Xq = X2XqX\ in A. 
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(2) A is an %-dimensional symmetric k-algebra. 

(3) dim,(/^) = dim, (7^ ) = 4 for all j G Z. 

(4) ^A{Ij) = Ij+i and ^AiJj+i) = Jjfor all j G Z. 

(5) The A-modules Ij (respectively, A"P -modules Jj) are pairwise non-isomorphic for all j G Z. 

In the next lemma, we calculate dimensions of homomorphism groups related to the modules 7, and 7,. 

Lemma 6.5. Let i and j be integers. Then 

(1) Ij has a basis {x2 + q^xi,X2XQ — qj^^XQXi,xiX2,XQXiX2}, and Jj has a basis {x2 + q^x\,X2XQ - 

q^^hoXl,XiX2,XoXiX2}. 

(2) L{uj) = Ij+i, R{uj+i) = Jj. 

(3) 7,~HomA(/,-,A). 

{<X2+ q-^xi,xiX2,XQXiX2 > if i = i, 

< X2X0 — q-i^^XQXi ,x\X2,xqX\X2 > if j = i — 2, 
< xyX2,X()X\X2 > Otherwise. 
3 if j = i or i — 2, 



In particular, dim,HomA(/j,/! 
(5)dim,Exti(/y,/,-) = 



2 otherwise. 



1 ifj<i<j + 3, 
otherwise. 
(6) A(1,M,) = A andA{ui, 1) = 7,. 

{< l,Xi,X2,X()Xi,XiX2,X2Xo,-^()-^l-^2 > if j = i, 
< X\ ,X2,XqXi ,XiX2,X2Xo,XoXiX2 > if j = i — 2, 

< xo,xi,X2,X()Xi,xiX2,X2Xo,X()XiX2 > Otherwise. 

Proof. (1) and (2). By definition, Ij =Auj. One can check directly that 

xoUj = {—q){x2Xo — q-'^^XQXi), X2Uj = —q->^^xiX2, x\Uj =x\X2, 

XiX2Uj = XQXiX2Uj = 0, X()X\Uj = XqX\X2, X2X()M|. = ^■'xoXiX2. 

This implies that Ij =< X2 + q^x\ ,X2Xo — q^^^XQXi ,x\X2,X()X\X2 >■ Note that L{uj) — > A — )• Auj ^ is 
an exact sequence of A-modules. Since Uj^iUj = (x2 + <7-'+^xi)(x2 + q^xi) = 0, we have Ij^i C L{uj). In 
addition, dim^,/j+l = dim,L(My) = 4. It follows that L{uj) = Ij+\. Similarly, we can prove the corresponding 
statements in (1) and (2) for Jj. 

(3) It follows from (2) that R{L{uj)) = R{Aujj^\) = R{uj^\) = Jj. By Lemma l63] (l). we get an isomor- 
phism cp„ , : HomA(/;,A) ~ Jj of ^-vector spaces. In fact, we can check directly that cp„ , is an isomorphism 
of A°'' -modules. This proves (3). 

(4) Note that HomA(/j,/() = HomA(Ai<j,AM,) ~ UjA DAui = JjCiIj. To prove (4), there are three cases to 
be considered. 

Case I: j = i. By (1) and (2), we conclude that < X2 + q^x\ ,x\X2,xqX\X2 >C IjDJj. Since dim,t(^7) = 4 
andx2Xo — g-'+'xoXi /j, we get dimj:(/j n/y) =3. As a result, n/j =< X2 + i7-'xi,xiX2,xoxiX2 >. 

Case 2: j = i — 2. Note that X2X0 — ^■'+^xoXi = X2X0 — q'^^XQXi. But X2 + ^^xi ^ It follows that 

/,• n/y =< X2X0 — qj^^XQXi,X\X2,X()X\X2 >. 

Case 3: j — 2}. We claim that /,• r\Jj =< x\X2,X()X\X2 >. Obviously, < xiX2,X()XiX2 > is con- 
tained in liHJj. Conversely, if X G IjCiJj, then there are elements ai,a2o,a2i,ai,,bi,b2Q,b2i and b^ G k, such 
that X = a\ (x2 + ^-'xi) +a2o{x2Xo — qj^^xoxi) +a2\X\X2 + aT,XQX\X2 = b\ (x2 + ^'xi) +b2o{x2X() — ^'"^xqXi) + 
b2\X\X2 + bT,XQX\X2. This implies that ai = b\, a^ = b^, a2Q = b2o, a2\ = ^21 ; '^iq-' = b\q' ■, and a2oq-'^^ = 
bioq'^^- Consequently, a\ = a2o = 0, which means that X G< xiX2,xoXiX2 >. Thus /,• fl/y =< x\X2,xqX\X2 >■ 

(5) The exact sequence Ij+i ^ A — )• — )• of A-modules induces the following exact sequence of 
^-modules: 

UomA{Ij,Ii) Hom^(A,/,) HomA(/y+i ,/,■) Ext\{Ij,Ii) 0. 
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By (4), we have 



dim^^HomA(/j,/,) = 



3 if/ €{7,7 + 2} 



2 otherwise. 



Since dim|^(/, ) = 4, we have 



dim,Exti{Ij,Ii) = I J 




This proves (5). 

(6) By definition, weknow that A(1,m,) = A, and A(m;, 1) =R{ui^i) =Ji. 

(7) It follows from (4) and Lemma[63t2) that 



dim^A(My,M,) = I 




By definition, we know that A{uj,Ui) = {a € A | uj^iauj = 0}. It is not hard to see that 



< X 1 , X2 , XqX 1 , X 1 X2 , X2X0 , XqX 1 X2 > C A ( My , M; ) . 



Hence, if 7 ^ {/ — 2,/}, then A{uj,Ui) =< xi,X2,xoXi,xiX2,X2Xo,xoXiX2 >. If 7 = /, then My+iMy = 0, and 
therefore 1 GA(My,My). Thus A(My, My) =< l,xi,X2,xoXi,xiX2,X2Xo,xoXiX2 >. If 7 = / — 2, then we can check 

that My+iXoMy+2 = 0. ThuS, Xq G Ayj+2- This shows that A(My,My +2) =< Xo,Xi,X2,XoXi,XiX2,X2Xo,XoXiX2 >. 

□ 

For higher cohomological groups, we have the following estimation. 
Lemma 6.6. Let t be an integer and j a positive integer. Then 



(3)Ext^(/o,/o)=0/or7>l. 

Proof. By Lemma[631 we have Ext;^(/o,/f) ~ E\t\{Io,a^^'^\lt)) ~ Ext^(/o,/,-y+i). Now (1) follows 
from Lemma [63l 5). Similarly, we can prove (2). Clearly, (3) follows from (1) and (2). □ 

Here and subsequently, 6y stands for the canonical exact sequence — )• /y+i — )• A — > /y — )• in A-mod for 
each 7 G Z. 

Lemma 6.7. Let / € Z and n € N. Then 

{7 G Z I 5y is an add(A © Ii)-split sequence in A-mod} = {7'GZ|7'>/ + 2or 7'</ — 3}. 
In particular, we have 



Proof. For any 7 G Z, we know that 5y is an add(A © //)-split sequence in A-mod if and only if 
Ext^ (// , /y+ 1 ) = Ext^ (/y , // ) =0, which is equivalent to the condition that 7 + 1 [/ , / + 3] and 7 ^ [/ — 3 , /] by 
Lemma [63l 5). Thus we have (1). Clearly, (2) follows from (1) immediately. □ 

The following result can be directly deduced from the work of Hu and Xi in Sill. 




n 



{7 G Z I 5y is an add(A © Ii)-split sequence in A-mod} = {7 G Z | 7 > « + 2 or 7 < —3}. 
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Lemma 6.8. Let B be a k-algebra. Let Y and M be B-modules with M a generator for B-mod. If 

^xt\{M,Q.BiJ)) =ExtB(F,M) = 0, then the endomorphism algebras EndB(M®F) and'EndsiM ®Q.B{y)) 
are derived equivalent. If, in addition, ExX^[M ,Q.b{Y)) = Ext|(y,M) = 0, then the {0, \}-Auslander-Yoneda 
algebras E^'^\m (BY) andE^'^\M (B^b{Y)) are derived equivalent. 

Having made the previous preparations, now we can prove Theorem l6.1l 

n 

Proof of Theorem 1131 Let m >n + 4. Set M := A ® / with / = 0/;, and V,,, :=Me/m. 

(1) By Lemma l63l 5). we know that Ext\{M,Im) = Ext^(/,„,M) = 0. Clearly, we have 

dim^(Am ^) = dim^EndA(M) +dim^HomA(M,/m) +dim^HomA(/m,M) + dim^^EndA(/,„) 

and 

dim,(Ai°'^^) = dim, (Ai°^) +dim,Ext^ (M,M) +dim,Ext^ (/„„/,„). 
By Lemma 1631 we get 

dim,EndA(/m) = 3, dim^.Ext\{I,„,I,n) = 1, dim,HomA(M,/,„) = dim,HomA(/m,M) = 2n + 6. 
It follows that dim, (A*) = dim,(A*+i). 

(2) We first show that gl.dim(Ai°^) = oo. By Lemma|631(5), we have Ext^(y„,,/^) = for any j < 0. 
Note that, for any t < j <0, there is a long exact sequence 

— ylj — >A — >A — > yA — > I, — ^0. 

It follows that the induced sequence 

— > HomA(K,,/;) — > UomA{V,n,A) — > > HomA(ym,A) — > HomA(K,,/r) — > 

is exact. Since HomA(V,„,A) is a projective-injective indecomposable Ai°^-module, we have 
inj.dim^{o}HomA(Vm,/j) = oo for all j < 0. Hence gl.dim(A,i°^) = oo. Note that there is a canonical surjective 

homomorphism n : Am'^^ — > Am^ of algebras. Thus every A^f^-module can be regarded as a aI"'^'^ -module. 
In addition, E^*'''^(V',„,A) = HomA(Vm,A). It follows that inj.dim^{o,i}HomA(Vm,/;) = oo for all j < 0. This 

yields gl.dim(Ai°''^) = oo. 

(3) Recall a classical result on dominant dimension: Let B an algebra and F be a generator-cogenerator for 
fi-mod. Suppose that 5 is a non-negative integer. Then dom.dim(EndB(F)) = 5 + 2 if and only if Extg(F,F) = 
for all / with l<i<s, but Ext^+i (F,F) / 0. In our case, we take F := Vm and s = 0. By Lemma l63l 5). 
we know that ExtA(/o5^) 7^ 0> which means that Ext^(Vm, V„i) 7^ 0. Note that V„, is a generator-cogenerator 
for A-mod. Thus dom.dim(Am°^) = 2. By Lemma ISTTl we have dom.dim(Am°''^) = 0. 

(4) Consider the exact sequence 

5„, : — > Im+\ — > A — > I,n — > 

in A-mod. Since m > ?i + 4, it follows from Lemma l63l 5) and Lemma [6!4T 4) that Ext^(M,7„,+i) = 
ExtA(/m+i,^) = Ext^(/m,M) = ExtA(M,/,„) = 0. Notc that A is self-injective. By Lemma |6^ we conclude 
that the algebras A* and A*_|_j are derived-equivalent for <I> = {0} or {0, 1}. 

(5) It follows from Lemma [6!4l that Q.A{Ij) = Ij+\ for each j G Z and that the A-modules Ij are pairwise 
non-isomorphic for all j G Z. Now, we define W := Iq and W„ := ®o<j<nIj- Then, by Corollary 15.31 the 
algebras A* and A* are not stably equivalent of Morita type if / > m. Thus the proof is completed. □ 

In the rest of this section, we consider the special case: n = and = in Theorem l6.1l For convenience, 
we set Am '■= EndA(A ©/q ®/m) for m G Z, and define C :=< 1,x\,X2.,xqx\,x\X2.,X2X().,xqX\X2 >, T :=< 
x\ ,X2,xqX\,x\X2,X2Xq,xqx\X2 >, and S := T® < xq >. Note that they all are subspaces of A. 
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Proposition 6.9. Let m be an integer. Then 

{\)Ifm^2, then is isomorphic to the algebra 



A A/h A/I,n+i 

MA(l,MO,"m) := I Jo C/h T/I,n+\ 



J,n T/h C/I, 



m+1 



(2) A2 is isomorphic to the algebra 

/ A A/h A/h 
Ma(1,mo,«2):= h C/h S/h 
\ J2 T/h C/h 

(3) Suppose m>3. Then, for any I > m, the algebras A/ and A^ are derived-equivalent, but not stably 
equivalent ofMorita type. 

Proof. (1) and (2) follow easily from Lemma 1631 and Lemma 1631 while (3) can be concluded from 
Lemma [631 Lemma [631 and Corollary 15.31 □ 

For each positive integer m > 3, the algebra A^ is given by the following quiver Q with relations p^: 

a 

Q- 



3 8 1 To 2 



The Cartan matrix of A,„ for m > 3 is 

/ 8 4 4 
C= 4 3 2 
V 4 2 3 

which is symmetric. Moreover, there is an anti-automorphism on A^ for (m > 3), which is given by 

ei^ei,e2^e3,e3^ ^2, p ^ Y,„, Ym ^ <?'"p, a a, 5 Yo, Yo ^ 5. 

It follows from Proposition 16.9! that Af, ? > 3, are pairwise derived-equivalent, but not stably equivalent 
of Morita type. 

Note that the Cartan matrix of A2 is not symmetric. Thus A2 is not derived-equivalent to A^ for m>3 
since the Cartan matrices of two derived equivalent algebras are congruent over Z, and therefore derived 
equivalences preserve the symmetry of Cartan matrices. We don't know whether Ai and A3 are derived- 
equivalent or not. 

It would be interesting to show that the family of algebras in Theorem 16.1! or in Proposition 16.9! are 
pairwise not stably equivalent. 
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